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1. Introduction and discussion 

The study of M-theory backgrounds with ^7(1) isometries and their associated Hopf 
reductions dates back to the eighties (see e.g. In the presence of branes and de- 

pending on whether the direction of the reduction is parallel or transverse to the brane, 
the dimensionality of the brane worldvolume may or may not change under the reduc- 
tion. A subsequent T-duality transformation can be apphed. In the case of AdSn-d x S'^ 
backgrounds the fact that both the AdS^-d and the S'^ factors can be thought of as 
U{1) fibrations has been used extensively in order to establish new vacua through Hopf- 
reductions/T-dualities. One of the lessons was that these operations can untwist the U{1) 
bundles and break supersymmetry at the level of supergravity solutions (although this 
may not be true at the level of full string theory) [^^,|^. The recent interest in super- 
gravity solutions involving branes wrapping cycles in conifold backgrounds motivates us 
to investigate some reductions and dualities in this case. 

Our starting point is the singular type IIB solution of 0, (the KT solution). The 
geometry is of the form (warped) IR^'"^ x C{T^'^) where the transverse space C{T^'^) is the 
conifold of 0, which is a cone over T^'^. The latter is topologically 5"^ x S^. Since this 
can be thought of as a U{1) fibration over S'^ x S'^, we can Hopf-reduce/T-dualize along 
the U{1). The KT solution involves a system of ordinary and fractional D3 branes. The 
latter are thought of in this context as D5 branes wrapping the 5''^ of T^'^. The T-duality 
in this case will be along a direction transverse to the branes. 

A closely related non-singular system is the KS solution . In this case the transverse 
space is instead the deformed conifold of 0. The latter is obtained from the conifold by 
replacing the apex by an S^. In the context of KS, the D5 wrapping the S'^ produces flux 
through the S^, which is thus stabilized (kept flnite). The deformed conifold is also a U{1) 
fibration, although Hopf-reducing is more complicated technically. 

In a related development 0,0, it was realized that a system of D6 branes in IIA 



theory wrapping the of the resolved conifold (the AMV solution) can be lifted in M- 
theory to a manifold of G2 holonomy. The resolved conifold is obtained from the conifold 
by replacing the apex by an S'^. In the case of AMV, the D6- branes wrapping the 
produce fiux through the S"^, which is stabilized. Once more, metamorphoses of U{1) 
bundles in this and related setups provide interesting connections. 



^ In the terminology of [10|, this is the situation where the D6 branes have disappeared and 
have been replaced by the F2 flux. Here we use the notion of "brane" modulo the large A'^ duality 
of namely both for N D6- branes wrapping T*S^ and for the physically equivalent case of the 
resolved conifold with N units of flux through the . 
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This paper contains a series of Hopf- reductions, T-dualities and liftings involving 
branes in the geometries discussed above. There are two points that we find worth em- 
phasizing: 

While T-duality can untwist the U{1) bundles, the M-theory lifting (in the presence 
of fractional branes) can induce new twistings. This has received much attention lately 



due to |]T^. In the liftings considered here, orientation issues play a subtle role. Starting 
from IIB theories in a background involving a T^'^ space we may end up in an M-theory 
background with a different T^'^. 

We find a number of examples with twisted geometries (with respect to the U{1) fibre) 
where there are fiuxes, but where there are no corresponding non-contractible cycles for 
the fluxes to be integrated over into charges. We think of these backgrounds as phantom 
branes that are not supported by the (twisted) geometry. However, there are two instances 
in which real branes can emerge from phantom ones, a) By switching-off some fluxes 
(typically corresponding to fractional branes) the geometry may get untwisted giving thus 
rise to the cycles necessary for supporting the branes. Note that this is not a continuous 
process since it involves taking the number of fractional branes (an integer) to zero, b) By 
Hopf-reduction. 

In a way this could be considered the discrete analogue of the large- duality between 
fluxes in twisted geometry and branes. A somewhat similar phenomenon which has already 
appeared in the literature is the case of winding strings in the background of the Kaluza- 
Klein monopole |jT^. We comment on this in section 3. 



The outline of the paper is as follows. Since the properties of T^'^ spaces will be 
important in the following, we review these in section 2. Special attention is paid to issues 
related to orientations of cycles. The T-dual and the M-theory lift of the KT solution and 
its S'-dual are discussed in sections 3 and 4 respectively. Here we flnd a number of phantom 
branes that are not supported by the geometry, however materialize upon Hopf-reduction 
and/or untwisting. Section 5 is more speculative and concerns flvebranes in the geometry 
of AMV. Finally in section 6 we explore the U{1) isometry of the deformed conifold and flnd 
a new set of variables in which this isometry is explicit. Some useful formulae concerning 
different reductions and T-dualities are collected in the appendix. 



2. The geometry of T^'^ spaces 

T^''^ spaces can either be thought of as U{1) fibrations over S'^ x 5"^ or as SU{2) x 
SU{2)/U{1) coset spaces. Let < < 2tv, < 9i < tt, z = 1, 2 parametrize the two S"^ 
and let < '0 ^ 471 be the coordinate of the U{1) fibre. The most general T^'*^ metric 
reads 

= D{di: + pcos0id(f)i + gcos6'2#2)^ + A^sin^Oidcfl + dOl) 

+ C{sin'^e2d(pl + del) + 2S[cosi/'(d^irf^2 - sm^ism^2#i#2) (2.1) 

+ sin'Llj{sin9id(j)id62 + sin92d(f)2d9i)] 

where A, B,C, D are constants. 

It is convenient to introduce the following basis of one-forms, motivated by the geom- 
etry of coset spaces | |TB[ ]: 

\ _ f sinOidcj)! 

J ~ \ d6i 

\ _ f cosi/j — sm'i/'\ / sin62d4>2\ (2-2) 
y \^ sm?/' cos?/' y y d92 ) 

= dil; + A'f''^^; aJ^'^^ = pcos6'i#i +qcose2d^2. 

A^^''^^ is the connection 1-form of the (p, g) f/(l) bundle over S"^ x S"^. In terms of the 
above base the metric ( |2.1| ) becomes 



dsl = D{e'f + A ((ei)2 + (e^)^) + C ((e^)^ + (6^)2) + 2B{eh^ + e'e^) (2.3) 

Of particular interest to us is the space T^'^ which is topologically S''^ x iS^. A basis for the 
harmonic representatives of the (one-dimensional) spaces if2(T^'^,2), if'^(T^'^,2) was 



constructed in [14 



0J2 = {sinOidcpi A d9i — sin92d(f)2 A d92) 

= A - A (2.4) 
ujs = A 002] 
Both UJ2 and are closed. Locally we can write 

UJ2 = —divi] ivi = cos9id(f)i — cos92d(j)2 (2-5) 

We denote by S'^, the basis of homology cycles for the spaces H2(T^'^ , 2), H^iT^'^ , Z) 
so that 

^ ujs= [ U2 = l (2.6) 

S3 JS2 



Since b2{T^'^) = 1 {bs{T^'^) = 1), there is only one S'^ (S^) homologically. Consider the 
two different 3-spheres corresponding to the orbits of each of the two SU{2) factors in 
the isometries of T^'^. Let us denote them by Eg*'' ,z = 1,2. They are parametrized by 

1,2. The homology basis can be written as P^JTB] 



{(pi, 9i, Similarly, let us denote by E2 the two 2-spheres parametrized by {(pi, 9i) , ' 



^' = 4'^-Sf; ^' = E(^)-Ef. (2.7) 
Following we will interpret a (fractional) brane wrapping E*^^) as being equivalent 



to an antibrane wrapping E*^^-*. Under the transformation ^2 ^ — '^1 becomes the 
U{1) connection over a T^'^ with reversed orientation. We have, 

UJ2 ^ dAi (2.8) 

where Ai := A^^'^'' Under this orientation-reversal, a brane wrapping E*^^) becomes an 
antibrane and vice versa. We also note that (p]^) can be written as 



uo- 00 = 1. (2.9) 
On the other hand, 

/ u;+ I u; = 0. (2.10) 

Taking ( p.8|) into account, a similar set of relations can be easily derived for the integrals 
of dAi, A dAi over E2,3. 

Finally we can define the T^'~^ space which differs from T^'^ in the relative sign 
between the two factors in the U{1) connection or, equivalently, in the relative orientation 
of the two 5"^ in the base. An equation similar to ( |2.8| ) relates the T^'~^ with its orientation- 
reversal. Note that Ai can be either the U{1) connection of a T^'^ or of a T^'~^ with 
reversed orientation. Similarly, ui can be either the U{1) connection of a T^'~^ or of a 
T^'^ with reversed orientation. 



3. The Klebanov-Tseytlin solution. 

We start from the ten-dimensional IIB singular solution for ordinary and M frac- 
tional D3 branes, presented in [^. The geometry is of the form (warped) R^'^ x C(T^'^) 
where the transverse space C(T^'^) is the conifold of which is a cone over T^'^. T^'^ has 
a C/(l) isometry and we can apply the techniques of Hopf-reduction/T-duality explained 
in the appendix. Reducing along the U{1) to nine-dimensional IIB, dualizing to IIA and 
lifting back to ten dimensions, we find that the U{1) bundle gets "untwisted" so that 
the transverse space is foliated by 5"^. We will see how in a further lifting 

to eleven-dimensions a new "twisted" direction develops so that the transverse space is 
fohated by T^'^ x . 

The KT solution reads 

= g,; B2 = 3g,M In— U2; F3 = Mwg 

^0 (3.1) 

F5=^5 + *^5; J^5 = {N + 3gsM^ln-)iV2Auj3 

ro 

where lu2, where defined in the previous section. The metric (in the string frame) is 

dslo = h-^ dx^dXf, + {dr^ + r^ds^) (3.2) 

where 



h{r) =bo + ^^{N + ^g,M^ + 2>g,MHn-) (3.3) 



The metric ds^ is the T^'^ metric defined in the previous section for the special case 
D = 1/9, A = 1/6, 5 = 0. With this choice of constants T^'^ becomes Einstein. The 
constant 60 can be fixed by demanding that the asymptotically flat limit of the metric be 
the standard Minkowski. Similarly the constant c can be fixed by requiring that for M = 
the metric reduce to the standard AdS^ x in the near-horizon limit. We also have H, 



F3 = M; / F^ = N + 'igsMHn- (3.4) 
The identification of fractional D3 branes with D5 branes wrapping the 5"^ of the conifold. 



was justified in [|T6 | 



We are droping numerical constants of proportionality. 
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3.1. The 11 A versions of KT solution 

As already mentioned, reducing the KT solution along the U{1) fibre to nine- 
dimensional IIB, dualizing to IIA and lifting to ten-dimensional IIA, we find that the 
U{1) bundle gets "untwisted" so that the transverse space is foliated by 
The interpretation of the T-dualized (IIA) version of KT, depends on our choice of ori- 
entation for E^^-*. Geometrically speaking, there seems to be no reason for preferring one 
orientation over the other, but the brane content is entirely different in each case. 

It must be noted that while reversing the orientation of a solution is also a solution 
to the supergravity equations, the amount of preserved supersymmetry may change. In 
fact, if an Einstein space that is not a round sphere has Killing spinors, its orientation 
reversal gives a space with no Killing spinors [0. So trying to preserve the original 
amount of supersymmetry will choose an orientation for us, however we will consider both 
cases here. Concerning the effect of T-duality/Hopf-reduction we note that T-duality at 
the full string theory level always preserves as much supersymmetry as has survived the 
U{1) compactification. The U{1) compactification in the case where the compactifying 
direction is naturally periodic (as is here) also leaves supersymmetry unbroken at the full 
string theory level. At the level of supergravity however, it is known that these operations 
can brake the supersymmetries of p- brane solutions (see [|5| for a detailed discussion). 

3.1.1. T-duality 

Let us start with the orientation for y!"2^ which is inherited from ( |2.7| ). Reducing 
to nine dimensions, dualizing and lifting back to ten-dimensional type IIA, we obtain the 
following solution 



F2 = MUJ2; F3 = SfifsM — ^uJ2 + dAi A dz 

r 

F4 = (iV + SgsM^ln — ) uj2 A U2 



(3.5) 



while the metric (in the Einstein frame) reads 

1 ^ ... \ 

[^0r')-idz' (3.6) 

u ' — ■ / 

1=1 / 

where {dTi2^Y •= sin'^Oidcp'f + dOf. We see that the dualization has untwisted the U{1) 



glds\Q = {^h^r^)-^ ^/i-^rfx^rfx^ + /i5(rfr2 + lr2^(rfE^'^)2)j + {^h^ 



bundle so that the transverse space is foliated by S'^ x S"^ x 
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There is a charge Q*-^-* corresponding to D6 branes wrapping an S'^ x S^. This gives 
fractional D3 branes! Indeed, let's denote by Ei 2 the two factors. We have 




as can be seen from ( p.6| ). 

There is however zero net Q^^^ charge corresponding to NS5 branes wrapping an 5"^, 



Finally, there is a Q*-^^ charge corresponding to D4 branes wrapping 5"^ 



F4 = N + 3gsM^ln — 
ro 



(3.9) 



The brane-content is in agreement with the (naive) expectations from T-duality: The D5 
(fractional D3) become D6, the D3 become D4 wrapping the T-duality circle. 

3.1.2. The orientation-reversed version 

We now perform an orientation-reversal transformation on the KT solution in IIA. 
Upon changing the orientation, the geometrical interpretation of the solution changes. This 
is because a brane wrapping a nontrivial cycle becomes an antibrane upon changing the 
orientation of the cycle. More specifically there is now zero net charge Q*-^^ corresponding 
to D6 branes wrapping an x 




(3.10) 




The Q^'^^ charge corresponding to D4 branes wrapping is still given by 




(3.12) 
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The above brane content should be compared with the system of [18,19,2C,15| where there 
are two NS5 branes, one of them stretching along the directions x^~^, and the other along 
2^0-3,7,8 rpj^g ^6 (direction is a circle. There are also two types of D4 branes along x^~^'^. 
N of them going around the circle and M of them stretching between the two NS5 branes. 

In order to compare to the situation at hand, we should identify x^'^ with T,^\ say, 
and x^'^ with The circle should be identified with the S^. The constant factor 

on the right-hand-side of ( |3.12| ) is coming from the D4 branes going around the circle, 
while the r-dependent piece should be attributed to the D4 branes stretching between the 
NS5 branes. Having these two types of fourbranes will be important when the solution is 
lifted to eleven dimensions. 

3.2. The M-theory versions of KT 

Lifting to eleven-dimensional supergravity will produce two distinct solutions, corre- 
sponding to the two versions of KT in type IIA. In both cases a new twisted U{1) develops. 

Let us start with the second case discussed in the last section (solution ( |3.1C1| )-( P.12| )) 
and lift to eleven dimensions. The solution reads 

2 I f 1 2 

^ V ^ ^=l / (3.13) 

+(l/iir2)-§ {dz^ + gl{diP - Muif) 
9 

Note that for M = the bundle is untwisted and the transverse geometry is foliated by 
iS"^ X S"^ X 5"^ X 5"^. However in the presence of fractional branes M 7^ and a twist is 
induced. The transverse space becomes foliated by T^'^ x . More accurately, this is a 
T^'^ space whose 5''^ fibre (when T^'^ is viewed as S"^ over S"^) is replaced by the lens space 
/Zm- Indeed, under the redefinition — > —Mip, di/j — Mui becomes proportional to 
the covariant displacement on the U{1)/Zm fibre of a T^'^ with reversed orientation. This 
is reminiscent of the situation in (see also [pT|). 
We also have 

F4 = (A^ -I- 3gsM^ln — ) W2 A W2 - {^gsM — Auj2+dAiA dz) A (# - MuJi) (3.14) 
ro r 

Note that dF^ = as it should. To prove that, use the fact that uj2 A dAi = 0. 
The solution contains M5-brane charge wrapping the S"^ of T^'^, 

= / F4 (3.15) 
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This will reduce to NS5 wrapping S'^ as in (|3.11j ). 

Naively, the solution contains M5 branes wrapping both the "untwisted" and the 
U{1) fibre of the base E2^'* x T,^'^ over the T^'^. Their charge Q'-^'^'' is given by 

= / F^ = N + 3gsM^ln— (3.16) 



■^2 ^ ^2 



Since there is no nontrivial E2^'* x Ti^^ cycle in T^'^ such a Q'-^'^'' charge can be taken to 
zero, even though there is no n- vanishing fiux. However upon reduction to IIA, these 
phantom M5 branes come to existence in the form of the D4 branes wrapping the S"^, as 
in (|3.12|) ! Also, as noted below ( |3.13|) , in the absence of fractional branes the U{1) bundle 
is untwisted and again the phantom M5 branes become ordinary M5 branes wrapping 
X S^. In the following, all the phantom charges will carry tildes. 

This is the first instance in which we encounter a phenomenon whereby there are 
fluxes unsupported by the geometry, which however materialize into physical branes upon 
untwisting and/or Hopf reduction. The U{1) (un) twisting is the key to this, and in a way 
provides a discrete analogue of the large N duality between the fluxes and branes. We will 
meet more examples of this in the sequel. 

Let us compare to the situation in [l^] where a string with nonzero winding number 



in the background of a Kaluza-Klein monopole was considered. The string can unwind 
since the total space has tti = 0, but the charge associated to the winding number of the 
string is conserved. From this one concludes that there is a zero mode among the collective 
coordinates of the KK monopole which couples to the charge associated with the winding 
of the string. In our case tti = Zm is nonzero, but there are still no nontrivial one-cycles 
in homology (6i = 0). 

The lifting of the solution (|3.7|) -( |3?9| ) is similar. The resulting geometry is now 
(for M 7^ 0) and the charge Q^^'^^ = 0. As before the flbre of the T^'~^ is replaced 
by the lens space S^/Zm- Again, there is a flux through the contractible T,^^ x T,^\ Upon 
reduction this becomes the D4-brane flux. 



4. The S-dual KT 

We saw in the previous section that upon T-dualizing the KT solution we get a 
conflguration with "untwisted" 5"^ geometry for the level surfaces. It would 

be interesting to have a situation where by T-dualizing a IIB solution we get level surfaces 
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with twisted geometry. The reason why this does not work with the KT solution ( |3.1| ) is 
clear. From the T-duality transformations (A. 22) we see that in order to get a twisted 
U{1) fibration upon going from IIB to IIA, the original IIB solution would have to have 
A^^ 7^ 0. Upon T-dualizing this becomes the connection A^^'^ of the U{1) fibration in IIA. 
Since = dA2^ — dA^^ A dz, this means that the original IIB solution would have to 
have with nonzero flux through the Hopf fibre. We can indeed obtain a solution of IIB 
with the aforementioned property by performing an 5'-duality transformation on the KT 
solution: 



ar + b 



T 



CT + d 
Hs\ (d c\ f Hs 



(4.1) 



with the rest of the fields inert and 



r:=x + ^e-^; ( ^ ^ ) e ^L(2, 2) (4.2) 



The KT solution (|3.1|) transforms to 

= 9sd^ + 



2 



C 

9s 

ac + hdgl 

X 



Hs = 3d QsM — ^uJ2 + c Mwa 
r 

dv 

Fs = 3b QsM — Au2 + a Muj^ 
r 

The metric and the five- form field strength are still given by (|3.1|) - (|3.3| ) . Reducing to nine 
dimensions T-dualizing and lifting to IIA we get two possible situations depending on the 
choice of relative orientation of the two S"^. Namely, a geometry with level surfaces given 
either by T^'^ with reversed orientation or by T^'~^. 



gldsl^ = (^)i(l/i5r2)i lh-^dx''dx^ + hHdr^ + -r^J2('^^2^^^' 

+ (^)-i(-/iir2)-t(rf^ - cMwi)2 
9s 9 
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(4.4) 



Note that dz ~ c Mui is proportional to the covariant displacement on the U{1)/Zcm fibre 
either of a T^'^ with reversed orientation or of a T^'~^. We have 

F2 = {a - xc) Muj2 
dv 

F3 = 3dgsM— Auj2 + dAi A {dz - cMui) (^4 5) 

F4 = (N + SgsM'^ln — )u2 A U2 + 3(b- xd) M Qs— A U2 A (dz - cMui) 
To r 

The brane content is different in each case. 

First we discuss the T^'^ with reversed orientation. The solution has zero units of D6 
branes wrapping 

= f F2 = (4.6) 



2 



JS 

There is however nonzero net Q^^^ charge corresponding to NS5 branes wrapping 5"^, 

g(5) = f Fs = ~cM (4.7) 

Finally, there is a Q^^^ phantom charge corresponding to D4 branes wrapping the Hopf 
fibre, 

Q(^) = /" F^ = N + 3gsM^ln— (4.8) 

Again, as in ( ^.16| ) , note that this makes sense either upon Hopf reducing or in the absence 
of fractional branes in which case the U{1) fibre gets untwisted. 

Turning to the T '~ case we find = (a - xc) M and Q^^^ = 0. What was said 
before about ( f4.8|) is true here as well. 



4.1. The M-theory lift 

Upon lifting to M-theory, yet another U{1) fibre develops. The resulting transverse 
geometry is foliated by an S^/ZaM bundle over T^'^/Zcm such that reducing the fibre 
along any one of the two circles produces a T^'^ space (or a T^^'~^\ by a reasoning that 
should be familiar by now). In this sense there is a similarity with the AMV solution in 
the next section.H The transverse geometry in that case is an over bundle. Viewing 
the base as a Hopf fibration over S'^ and reducing along the U{1) fibre produces an (up 
to moding out by a discrete group) over S'^ bundle, which is actually a T^'^ space. 



^ In spite of the similarity it is easy to see that the resulting geometry cannot be that of AMV 
simply because the original ten-dimensional one is not that of the resolved conifold. 
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Although the geometry appears to be comphcated, it is in fact related by a simple 
coordinate transformation to the geometry of the solution in section 3.2. 
Analytically, the eleven- dimensional metric reads 



+ J/iir^)-! {{dz -cMuif + g1[{dw -aMui) - x{dz - cMwi)]^) 

y 



(4.9) 



while the four-form is given by 

F4 = F4 - F3 A [{dw -aMui) - x{dz -cMui)] (4.10) 



with F4, F3 as in (| 

It is easy to check that under the coordinate transformation 

w\ f d —h\fw 
z I \ c —a I \ z 



(4.11) 



the metric reduces to ( p.l3|) ! 

The solution contains phantom M5 branes wrapping the two circles. Their charge 
jg given by 

= /" F4 = N + 3gsM^ln— (4.12) 

Upon reduction to IIA these become the D4 branes wrapping the Hopf fibre of T^'^, as in 
( [1.8|) . Depending on the orientation there can be phantom M5-brane charge wrapping S"^, 

= / F4 (4.13) 

which reduces to NS5 wrapping S"^ as in ( [4.7| ). 

If the opposite orientation is chosen, Q^^''^^ = which of course reduces to Q^^-* = 
in IIA. 



5. Fivebranes in the AMV Solution 

The AMV solution |T^ involving M-theory on a manifold of G2 holonomy (locally an 
X IR^) reduced to ten dimensions is given by warped 4d Minkowski times the resolved 
conifold of [|7|,|2^. In addition, there is a nonzero F2 flux through the S'^. As before, modulo 
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the large N duality {S^ flop), we think of this as the supergravity solution corresponding 
to D6 wrapping the with a stabilizing flux through S'^ and thus producing the geometry 
of the resolved conifold. For some related work see also 



From (A. 22) we immediately see that upon T-dualizing this solution to IIB, we get 
"untwisted" 5"^ geometry: In order to get a twisted U{1) flbration upon going 

(2) 

from IIA to IIB, the original IIA solution would have to have Ai ^ 0. Upon T-dualizing 
this becomes the connection Ai of the U{1) flbration in IIB. Since, as we see from (A. 14), 
Fs = Fg^^^ - d^f ^ A e^ this means that the original IIA solution would have to have an 
with nonzero flux through the Hopf flbre. This would signal the presence of NS5 branes 
wrapping the S'^, which are absent from the solution of [ffO|. 



This brings us to the question of whether such a conflguration of NS5's and D6's is 
known and if so, what would it lift to in M-theory. Note that the flvebrane and sixbranes 
stabilize the S'^ and factors respectively. The which is wrapped by the NS5 upon 
lifting becomes the base of a twisted U{1) flbration and thus is no longer able to support an 
M5. This is in agreement with the fact that G2 holonomy manifolds do not have calibrated 
two-dimensional submanifolds. 

We should therefore look for an eleven-dimensional G4 that has a flux through the 
(eleven-dimensional) Hopf flbre. Reducing this will give an F3 flux, which upon integration 
over the will give NS5 charge. Since there are two S^^s in the original geometry, an 
obvious possibility is to consider a flux 

/ ^4 (5.1) 

which upon reduction will give an NS5 wrapping S'^. Although the ten-dimensional ge- 
ometry is foliated by T^'^, it cannot be that of the resolved conifold, since the flux of the 
NS three-form will stabilize the part as well. At the moment we are not able to write 
down explicitly such a solution containing simultaneously D6 branes wrapping 5"^ and NS5 
branes wrapping 5"^ and having four common non-compact directions. 

M-theory solutions with a flux as in ( |5.1| ) have recently appeared in the literature 
[2^,^. It would clearly be interesting to obtain their IIA reductions and their IIB T- 
duals. The hope is to provide an explicit realization of the mirror symmetry between D5 
branes on 5"^ of the deformed conifold in type IIB and D6 on of the resolved in type IIA, 
as a single T-duality along the Hopf flbre of the T^'^.S This task is complicated, however, 
by the form of the deformed conifold metric, as will be discussed in the next section. 



Note that as we have aheady remarked, the existence of NS5 branes is required in addition 
to the D branes for this duahty to work. 
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6. The KS Solution 

Although we have already excluded the possibility that the KS solution is the T- 
dual of the AMV solution -since T-dualizing the latter gives untwisted transverse geometry 
whereas the former has a twisted one- we can still try to perform the analysis of the previous 
sections to this case. Technically this is complicated by the fact that the metric of the 
deformed conifold is written in terms of variables in which the U{1) isometry is implicit 
|T^ . Here we make partial progress by identifying a set of new variables in which the U{1) 



isometry of the metric will be manifest, but we are yet unable to write down explicitly the 
metric in terms of these new variables. 
The KS solution reads 



where 



Fs = M(e5 A A / + d[F{r){g^ A + / A /)]) 
B2 = 9sM[f{r)g^ A + k{r)g^ A 
F, = gsM''l{r)g^Ag^Ag^Ag''Ae'', 



dsl = r'^'K{r){^^{dr' + {e^f) + cosh\''-Wf + [g^] 



(6.1) 



(6.2) 



and r is a radial coordinate. The explicit form of the functions F, f, k,l, K will not be 
important in the following. The one-forms g^ are defined as 



— 2 — 



3 ^ 4 ^ + (6.3) 

9' = e' 



so that the level surfaces of ( |6.2| ) are of the general form (^ 

As we noted in section 4, for this solution to T-dualize to a twisted transverse geometry, 
B2 would have to have a nonzero component along the direction corresponding to the U{1) 
isometry. 

Trying to Hopf-reduce runs into trouble because the solution is written in terms of 
coordinates in which the U{1) isometry is not simply a shift in -0. In fact from (|2.2| ), ( |2.3| ) 
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we see that the isometry reads 



ip ip + C] 



f sin92d(f)2 
[ d62 



cose sine 
—sine eose 



f sin92( 



(6.4) 



We would hke to find a coordinate transformation for ^2,^2 which has the effect of the 
second fine in (|6^). Clearly this would have to be a special case of the SU{2) group of 
isometries of the sphere 



Indeed for a 



eos^j b 



az + b 
—bz + a 

sin 



z -.^ e'^^Han^; |a|2 + = 1. 



(6.5) 



|, ( |6.5|) implies ( |6.4|) to order 0{e), provided we identify 

sin(j)2 



sinOo 



(6.6) 



Explicitly the coordinate transformation reads, to 0{e) order, 

sin(f)2 



sin92 

(f) ^ (f) — esin(p2Cot92 
02 ^ O2 + eeos(j)2 



(6.7) 



It is easy to check that (^]^) leaves invariant. We have therefore succeeded in construct- 
ing the killing vector k corresponding to the U{1) isometry. 



sin(p2 d , n ^ , ^ / \ 

k = . ^ ^ - sm(p2eot02wi- + cos(p2^^ (6.8) 
sinU2 dip 0(p2 062 

It remains to find a set of new variables ip',92,(p2 in which k locally takes the form 
k = d/dip'. Rewriting ( |6.2| ) in terms of these new variables would result in a metric 
whose components do not depend on ip' and Hopf reduction would proceed as before. The 
variables we are looking for would therefore have to satisfy the equation 



002 



de' 



d4>2 dip 
dtp' dip' 
d(j)2 dip 





(6.9) 



One can easily verify that 



1 



sin02 



sin92 
Lh{sin(j)2sin92) = 



4(/l-/2) = l 



(6.10) 
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where 

J ■ A. ^ ■ f> \ 6.11 

/ sm(p2 ± sm02 ^ 
/i,2(<?>2,fc'2) := arctan — 

\ COS(p2COS02 

and h is an arbitrary function of sin(p2sin92- 

Taking (|6.10|) into account, we can write down an explicit special solution to (|6.9|):i 

<P'=i^ + l (/l(</>2, 62) + f2{h. O2)) (6.12) 

9' = h{sin(j)2sin92) 
The Jacobian of the above transformation reads 

J = Sin92h' {x)\:r=sin4,2sind2 (6.13) 

Finally one can derive the relation of the differentials of the old coordinates in terms of 
the new, 

\ ( —COt92Sin(j}2 COt92Sind>2 tTi , ^°^t^ ■ lA, \ ■ a \ 

7/1 1 J. J. cos92sind>2 
d99 = C0S(P2 —C0S(P2 TT( 2^ _l — ia ■ 2^ ^ 

I \ sin4>2 sin4>2 cos4>2Cotd2 

\ sin02 sind2 h' (cos'^ (f>2-\-cos'^02sin^ (f>2) / 




(6.14) 



Using the above relation, one can examine whether or not B2 in (|6.1| ) has a non-trivial 
component along the U{1) fibre. The answer is that it does and therefore, as already 
explained, the T-dual version of KS has twisted transverse geometry. 
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^ This is not the most general form. One can add arbitrary functions of sin(j)2sin62 to the rhs. 
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Appendix A. Review of KK on a circle. 



This is a collection of useful formulae. There is nothing here that cannot be found in 
the literature. However we include this appendix as a self-contained set of conventions. 

A.l. Reduction of lid supergravity to lOd type II A 

The starting point is the eleven-dimensional Lagrangian 

e-^L = R- ^Fl + C.S. (A.l) 
48 

where 

F4 = dia (A.2) 

Note that all eleven- (ten-) dimensional field strengths and potentials are denoted with 
(without) a hat. Assuming the geometry has a U{1) isometry, we can put the metric in 
the form: 

dsl^^e--^'^dslQ + e^'^{Ai + dzf (A.3) 

where 99, Ai, A3 and the metric in ds^Q, are all assumed independent of the U (1) coordinate 
z. We also reduce the 3-form potential 

is = A3 + A dz (A.4) 

The eleven-dimensional Lagrangian becomes 

e-'L = R- ^-{d^f - \ei^Fi - ^e-^Fi - ^^e^Fj + C.S. (A.5) 

where: 

F4 = dA^ + dA2 A Ai; F3 = -dA2] F2 = dAi (A.6) 

so that 

F4 = F4 + F3A(dz + Ai) (A.7) 
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A. 2. Reduction of lOd type II A to 9d N=2 
We start with the Lagrangian 

e-'L = R- l{d4>r - \ei^Fi - le'^Fl - ^e^^F| + C.S. (A.8) 

where 

F4 = dig + dA2 A ii ; F3 = dia; F2 = dAi (A.9) 

We assume that there is a U{1) isometry so that the ten-dimensional metric can be cast 
in the form 

dsl^ = e'^'^dsl + e'?^(Af ) + dzf (A.IO) 

where cp, A^"^ and the nine-dimensional metric dsg do not depend on the U{1) coordinate 
z. We reduce the potentials as follows 

Ai = A^^^ + Aodz; A2 = A^^^ + A^^^ A dz; A^ = A^ + A^^^ A dz (A.ll) 

The Lagrangian reduces to 

e-'L = R- l{d<p)' - 1(90)^ - lei^-^^i^i)' 

(A.12) 

where 

= 0; Fi = -dAo 

Fi^) = dA^ + rfAf ) A a!^); Fi^) = -dAf + A rfAf ) + AodA^^^ 
F4 = dyl3 + c/^W A + dAf A A^^^ - dAf ^ A a A^^^ - AodA^^^ A ) 

so that 

F4 = F4 + F^ A [dz + A^^^) 

F3 = F^^^ + Ff ^ A {dz + Ap^) (A. 14) 

F2 = F2^'^+Fi A(d^ + 4'^) 



(A.13) 
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A. 3. Reduction of lOd type IIB to 9d N=2. 
We start with the Lagrangian 

e-'L^R- \{d4>f - \?\dxf - Y2^\hf - ^^-hHsf - j^i^f + C.S. (A.15) 
where 

F5 = dif - IdA^^ A if + IdA^ A if ^ = *F5 

2 2 2 2^2 ^^.^g^ 

F, = dA^-XdA^^; H, = dA^^ 

We assume that there is a U{1) isometry so that the ten-dimensional metric can be cast 
in the form 

dslo = e-^'^dsl + e'^^iAi + dzf (A.17) 

where 99, Ai and the nine-dimensional metric dsg do not depend on the ^7(1) coordinate 
z. We reduce the potentials as follows 



A^ = A^ + A^A dz; if ^ = Af ^ + ^ A dz 
if =Af + A^ Adz 



(A.18) 



The Lagrangian reduces to 

e-'L = R-lid^f-lidct>f-le'Hdxr 

- le-'^-^^iFi^y - y-^^{Fi^r - \e^^{F,r (A.19) 

- ^e-'^^^-iFi^'f - ^e^^^^iFi^r - ^e-^-(Ff )2 + C.S. 

where 

= X = X 

Fi' = -dA^ + XdA^^; F^"^ = -dA^^; F^ = dA^ 
Fg^^ = dA^^ + AiA dA^^; F^- = dA^ + dA^ A Ai - x{dA^^ + dA^^ A A^) 

Ff = -dAi + ^{-dA^^ A - Af ^ A dA^ + dA^ A Af ^ + Af A dAf ^) 

(A.20) 

so that 

+ Fn-i A {dz + Ai) (A.21) 
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A. 4- 9d T- duality 

The two nine-dimensional Lagrangians described above, are in fact related to each 
other by the following local field transformations: 



^ + ^A^S. ^(2) ^ ^(3) ^ _^NS 

^ _ ^NS ^ ^(2) ^ + Af A 



(A.22) 



Or, in terms of field strenghts: 



Fi ^ dx 

Fi'^^Fi^^- Ft^^Fi^ 
Fa ^ Ff ; 



(A.23) 



A. 5. String vs Einstein frame. 

In ten dimensions the Einstein metric is related to the string metric through 

The reduction of the ten-dimensional metric in the string frame reads 

dslj[ = e^^'^-^'^^dsl + e^('^+^^)(d^ + Aif (A.25) 
In the string frame the ten-dimensional type IIB Lagrangian becomes 

e-'L = e-^\R + A{d^f - ^{H,f) - \{dxf - ^{F,f - j^,{hf + C.S. (A.26) 
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